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Abstract—The shape and size of aneurysms were quantified using 

an ellipsoidal equation and a new procedure was proposed to 

evaluate the mechanical stress associated with changes in the wall 

thickness due to aneurysm dilation and blood pressure. The 

aneurysm rupture risk (ARR) can be assessed quantitatively 

from stiffness and strength of the patient using changes in 

diameter of the common carotid artery (CCA) with ultrasonic 

imaging. APR can also be derived from the natural frequency of 

brachial artery wall oscillations or the external ear canal side of 

the superficial temporal artery (STA) with the pulsation. By 

using this method of digitizing the risk of aneurysm rupture and 

its related information, it is possible to save clinical data around 

the world as big data and obtain optimal diagnostic solutions by 

the application of statistics and probability based AI techniques. 

Therefore, hospitals around the world will always be able to 

obtain the highest level of objective diagnostic information, 

regardless of country or region. 

Keywords-computeter tomography; aneurysm ruputure; 

ellipsoid modeling; arteificial intelligench; in vivo sterength; 
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I.  INTRODUCTION 

Aneurysms are known to occur in weakened areas of the 

blood vessel wall, a slight expansion of the aorta is called 

ectasia, and a bulge larger than 1.5 times the size of a normal 

artery is called an aneurysm [1-3]. An aneurysm may occur in 

any part of the body but is most common in the brain, thoracic 

aneurysm, abdominal aortic aneurysm (AAA), and legs of 

artery. The rupture of AAA represents a significant clinical 

event, having a mortality rate of 90% [4, 5], and e.g. in the 

case of AAA sizes greater than 50% of the normal artery 

diameter, approximately 15,000 people died a year in the 

United States [6,7]. The risk assessment of rupture, 

determining aneurysm examination and if surgery is required 

is to age related, smoking, hypertension, high blood pressure, 

size and growth rate over 5 years after diagnosis, and family 

history of aneurysm [8-13]. Recently, many guidelines have 

been issued by the European Society of Cardiology (ESC) as 

well as other societies and organizations [14]. This is a 

guideline for the purpose of giving the best final decision 

taking into consideration the effects of specific diagnostic or 

therapeutic measures and the risk-benefit ratio by patients, 

caregivers and responsible healthcare workers. However, 
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rupture of the aneurysm is caused by local tensile failure (true 

stress) of blood tissue in the vessel wall, but many guidelines 

use global parameters such as the shape of the aneurysm [15, 

16], maximum diameter and growth rate [17-19]. Thus, it 

might not quantitatively reflect the actual risk for aneurysm 

rupture [20-23]. On the other hand, there are many reports that 

biomechanical considerations [20, 24-30] are one of the 

powerful tools to understand the actual rupture risk assessment 

and to predict its occurrence.  In particular, the aneurysm 

shape model obtained from the XCT and MRI images was 

analyzed by finite element analysis (FEA). And then the wall 

stress criterion [22, 24], rupture potential index (RPI) [25, 26], 

and Peak Wall Rupture Risk Index (PWRI) [27, 28] etc. based 

on mechanical and mathematical consideration [29-30] have 

been proposed. As a global background in recent years, with 

the diversification of diet such as rapid aging, smoking and 

heavy alcohol use (lifestyle risks), the number of aneurysm 

patients abruptly increases and the examination image data 

gradually becoming huge amount. Therefore, it is urgent to 

establish a method for diagnosis based on biomechanical 

evaluation and introduction of artificial intelligence (AI) 

technology. 

This paper presents a new biomechanical procedure to 
assess the risk of aneurysm rupture in preparation for the 
mathematical representation of aneurysm shape and size, and 
the application of AI techniques. Here, in vivo strength of the 
patient's arterial wall was evaluated using ultrasound imaging 
of the common carotid artery (CCA) [31] and/or the wall’s 
natural frequency of artery [32]. And the rupture risk due to 
blood pressure and dilation of aneurysm will be mainly 
described. On the other hand, blood flow dynamics are thought 
to play an important role in the pathogenesis and treatment of 
cephalic aneurysms [33, 34], however, hemodynamic 
quantities of interest are difficult to measure in vivo. In this 
study, the problem of impaired blood flow to the inner wall of 
blood vessels, hemodynamic analysis not discussed. 

II. SHAPE AND MECHANICS OF ANEURYSM 

When the weakened portion of the vessel wall dilates, the 

vessel wall becomes thinner and blood pressure makes these 

mechanical stresses further greater. And because of the 

pulsation, the size of the aneurysm gradually increases with 

time. As a result, the wall ruptures when the stress due to 

blood pressure and the strength of the arterial wall of the 

patient become equal. Thus, in order to assess the risk of 

aneurysm rupture, the decrease in wall thickness and its stress 

as well as strength data are needed. 

Figure 1 shows major tasks required to evaluate the risk of 

aneurysm rupture from the biomechanical viewpoint.  

a) Shape and size: the evaluation of thickness reduction with 

aneurysm growth by applying computer-aided geometric 

identification with AI technology, 

b) Stresses occurring in the aneurismal wall: the evaluation 

using mechanics equation for thin shell structures such as 

ellipsoidal body, and cylinder, 

 

c) In vivo strength of artery with nondestructive measurement 

using ultrasonic image of the common carotid artery (CCA).  

This report presents these tasks to assess the risk of aneurysm 

rupture towards the application of AI technology. 
 
 

  
Figure 1.  Major tasks required to assess the risk of aneurysm rupture      

from  biomechanical viewpoint 

A. Shape characterization and wall thickness reduction 

Figure 2 shows some typical shapes of aneurysms, which 

are a) saccular-shaped (swelling only one side), b) fusiform-

shaped (swelling all sides), c) berry-shaped on a narrow stem, 

and d) two-dimensional (2D) bulge of a tube due to blood 

pressure. Naturally, as the size of aneurysm increases, the 

arterial wall thickness decreases and mechanical stress rises, 

this acts to significantly increase the risk of rupture. 

 

 
 

Figure 2.  Typical shapes of aneurysms 

When a cylindrical tube with a wall thickness t is expanded 

n times, the reduced thickness (t’) is t/n in the case of the 2D 

cross section as shown in Fig. 3a). And a sphere (3D) is 1/n2 

as in Fig. 3b). And an ellipsoidal body (3D)  represented by 

the following equation:  

1)) 222222  czbyax （）（（                           

This was dependent on the coefficients of a, b, and c as shown 

in Fig. 3c) and in Fig.4, and t' was about 1.06t//n2.          
Figure 4 shows the relationship between the expansion ratio 

(n) and the thickness’s reduction ratio (t’/T) for three types of 

shapes shown in the Fig. 3. From this figure, it is note that the 

thinnest wall-thickness due to expansion of the aneurysm is 

sphere, thus the most likely to rupture. Therefore it could 

understand that if shape of aneurysm is characterized by the 

ellipsoidal equation,  the risk of rupture can be evaluated 

easily the mechanical viewpoint of a shell structure. In the  

a) saccular aneurysm  b) fusiform aneurysm   c) berry aneurysm   d) 2D bulge of tube 
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case of the typical shape of the aneurysm shown in Fig. 2 

which can be expressed in an ellipsoidal representation, a 

good curve fit of the wall of the blood vessel means a 

relatively soft arterial wall. On the other hand, the hardened 

blood vessels have a partially non-uniform shape, suggesting 

that the curve has a poor fit and a locally complicated 
stress occurs.  

 

 

Figure 3.  Contour shape of aneurysm and its thickness with expansion 

Figure 5 shows the variation of ellipsoidal shape with a, b 

and c values. By changing these coefficients, it is possible to 

express various aneurysm shapes as well as reduction of 

thickness and their stress increasing. To summarize briefly, 

the risk of rupture of the aneurysm is not only the size, but it is 

very important to manage the expansion rate (the thickness) of 

the aneurysm as well as the mechanical stress against its 

time change. It is an effective way to formulate an aneurysm 

numerically for this purpose. 

 

Figure 4.  Relation between expansion ratio (n) and thickness reduction ratio 

(t '/ t) for several aneurysm models. 

 
 

Figure 5.  Variation of ellipsoidal shape with a, b and c values.The shape of 

the aneurysm is represented by finding these optimal coefficients. 

B. Shape and its mechanical stresses 

Figure 6 shows stress acting on a blood vessel wall due to 

blood pressure. There are two types of models, thin-walled 

and thick-walled cylindrical tube models from the mechanical 

viewpoint. A thin walled model is generally considered to be 

one whose walls are, thickness (t) /outer diameter (do) ratio, 

less than about 1/10 or 1/20 (do/d  1.25 or do/di  1.11, 

approximately). Blood vessels are two boundaries, but thin-walled 

cylindrical equations are simple equations, and the difference in 

stress value between them is small. In this report, we discussed as 
thick-walled model. 

http://www.ijcit.com/
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Figure 6.  a) coordinate system of blood vessel: stresses acting on arterial 

wall by blood pressure,  b)   stress distribution of arterial wall (andr）: the 

maximum stress is generated on the inner wall,  ie a) coordinate system of 
blood vessel: stresses acting on arterial wall by blood pressure,  b)   stress 

distribution of arterial wall (andr）: the maximum stress is generated on 

the inner wall,  ie the crack starts from the inner wall. 

 
 

Figure 7.  Contour shape of knob of balloon tube and its mechanical stresses.:                                     
a) tube at the internal pressrue po,  b) spherical knob, c) fusiform-shape knob  

and true stress at p2. The experimetal data (stress-strain curve) is shown in Fig. 
10. 

i)  Rupture test of a rubber balloon as an artery model 

The mechanical stress of the wall in the internal pressure 

rupture test is shown below using a rubber balloon tube (about 

Φ 6 mm). 

Figure 7a) shows the original contour of a tube tested at the 

pressure po, 7b) is at the pressure p1, and 7c) is at the pressure 

p2, and then the tube that was ruptured at slightly larger 

pressure than at the p2. These three contours show tube, sphere 

and fusiform-shaped whose the equation of mechanical 

stresses are shown in Fig. 7, respectively. Where t is the 

original wall thickness, t’ is thickness at the po, thickness at p1, 

thickness at p2 and at the ruptured pressure (p2+p). Note that 

nominal stress is determined from original thickness (t) before 

testing, and true stress is determined from the thickness (t’) of 

the section at that pressured instant. And true stress is closely 

related to the true strength of the moment of aneurysm rupture. 

The experimental data including stress-strain curve are shown 

in the following section. 

Rupture criterion: As mentioned above, the vessel wall is in a 

multi-axial stress state. In general, the equivalent tensile stress 

(von Mises stress) is used to predict failure criteria. This is 

mainly used for ductile materials and not for visco-elastic 

materials like arteries, but here the dilation of the aneurysm is 

a very slow phenomenon (a function of time is almost zero), 

so we used the Mises equivalent stress. 

The von Mises stress is expressed as,  

Mises = {[(1 - 2)2 + (2 - 3)2 + (1 - 3)2]/2}1/2,       

and the failure criterion is  

(maximum Misses ) ≥  limit of tensile strength of the patient). 

Where the quantities of 1, 2, and 3 are three-dimensional 

principal stresses:1=, 2=z and3=r. That is, if the von 

Mises stress is greater than the patient's tensile strength, the 

arterial wall breaks, , which means that the aneurysm ruptures. 

 

ii) Stress equations of typical aneurysms 

Figure 8a) is spherical saccular aneurysm which is the 

most common type of aneurysm. Assuming that the volume 

of the artery wall in the upper half of the parent artery (the 

neck portion diameter, dn) has swelled, the thickness due to 

expansion of this spherical aneurysm become  t '= (1/t 2) / 2. 

     Figure 8b) shows spherical berry aneurysm. Assuming that 

the volume of the wall in the parent artery (the neck portion 

diameter, dn ) has swelled, the thickness due to expansion of 

this spherical aneurysm become  t '= (1/t 2) . Then, true stress 

are given as =z=pdd/2t’ and (r)max=-p. 

Figure 8c) shows ellipsoidal berry aneurysm.  

When sphere shape (a=b=c),  

=z=pa/2t’, and (r)max=-p,                                          (3) 

when spheroid shape (b=c), at the top T, 

=z=pa2/2bt’, and (r)max= -p.                                      (4) 

And at the equator, E,   

=pat’ [1- (1/2)(a2/b2)],  z=pa/2t’ and (r)max= -p.        (5)     

                              

a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) 

 

Recorded contour shape just before to rupture. 
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It should be noted that if (1/2)[a2/b2] > 1,   will be negative 

(compressive stress) [35]. 

Figure 8d) shows saccular aneurysm which is 

asymmetrical and appear on one side of the aorta. These are 

usually caused by trauma or a severe aortic ulcer [1].  

Figure 8e) is fusiform aneurysm which appears symmetrical 

bulges around the circumference of the aorta. They are the 

most common shape of aneurysm [1]. As mentioned above, 

these stresses in Figs. 8d) and 8e) are also applicable by the 

equations (3), (4), or (5) [35]. Therefore, rupture occurs at the 

point of the maximum Mises stress depending on the 

aneurysm shape (eg, point T). It is clear that the mathematical 

representation of the aneurysm shape can quantitatively 

represent the risk of rupture. 

 

 

   

 

                    

Figure 8.   Typical aneurysms and their wall stresses : a) saccular-, b) and    

c) berry-, d) saccular-, and e) fusiform-aneurysm. 

III. IN VIVO STRENGTH OF ARTERY  

We describe two simple and inexpensive methods 

established for carotid and cranial artery strength in vivo [30, 

31]. 

A. Definition of in vivo elastic stiffness (Eth) of artery 

 Arterial stiffening is the result of a decrease in elongation and 

strength from mechanical property point of view.  

Figure 9 shows a schematic stress-strain relationship of 

arteries for both young and old adults, which shows a non-

linear relationship due to the visco-elastic nature. Furthermore, 

the curve becomes steeper with age. Because of the time-

dependent function, the mathematical expression that defines 

the stiffness of the artery is complex, so several equations 

have been proposed [4, 6-9]. 

    In this report, the diameter variation of systolic blood 

pressure (Ps) at rest and diastolic blood pressure (Pd) is very 

small, for example, 3 to 16%, and thus we linearly defined 

between Ps and Pd . The hollow thick-walled cylinder model 

is as follows [31]. 

Eth=(BC/AC)=


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Where and are hoop stress and strain respectively, di’ 

means inner diameter at the Ps, and p=(Ps-Pd). And from the 

condition of no volume-change between Ps and Pd, the 

equation is 

                                                                                                                                                                                                                                                                                                                                                                                                             

)()(
2'2'22

ioio dddd  .                                              (7) 

 

From this definition, in vivo stiffness of the uniaxial tension 

test was Eth=0.53MPa, and internal pressure test was 

Eth=0.38MPa (see Fig. 11) ); a slight difference was seen in 

this test piece.                                                                                                                                                                                                                                                                                                                                                                               

E E 

 

 

a) 

 

 

 

 

 

 

 

 

 

 

b) 
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Figure 9.  Stiffness (Eth) with arteriosclerosis and its definition. 

B. Stress-strain relation of a rubber balloon 

Figure 10 shows a typical curve of nominal stress and 

strain for a balloon tube (do=6.2, i= 5.4, t= 0.4mm). Two 

types of uniaxial tensile test specimens were used from the 

circumferential direction and the axial direction (longitudinal 

direction) of the tube. The internal pressure test is a test in 

which a stress nearly equal to that in the circumferential 

direction is applied. From the graph, it shows that the 

circumferential direction (()max=18.7MPa) was stronger 

than the axial direction ((z)max=14.5MPa). On the other 

hand internal pressure test,  bulge deformation is restrained  

due to triaxial-stress state, first, spherical bump occurred at the 

locally weakened portions of the rubber material, and then 

they became cylindrical bump and expanded in the axial 

direction (the diameter change was very small), then ruptured 

at nominal stress ()max=2.25MPa (true stress were  

()max=(1)=20.5MPa, (z)max=(2)=10.25MPa, 

(r)max=(3)=-p=35.5kPa from the Eqs. in Fig.7). The true 

stress value from the nominal stress was calculated from the 

maximum elongation at break or maximum bulge diameter the 

under constant volume conditions. To compare triaxial stress 

with uniaxial stress, the von Mises stress was ( )Mieses=18.4 

MPa using equation (2), which is equivalent to the uniaxial 

tensile test result. Therefore, it was shown that the critical 

stress of internal pressure rupture is tensile failure stress. 

 C. Stress-strain relation of human artery 

Figure 11 shows a typical curve of nominal stress and 

strain for the common carotid artery of the 80’s (do=6.97, di= 

5.31, t= 0.83mm). From the curve of uniaxial tension test, the 

nominal stress ( ) max=0.54MPa) and the true stress were 

() max= (1) =0.91MPa.  And in the case of the pressrure 

test, nominal stress (()max=0.45MPa), true stress 

()max=(1)=0.79MPa, also the von Mises stress( 

)Mieses=0.69MPa were shown. Unlike the artificial material 

(balloon tube) test piece, there was a difference between two 

stress values; It may be due to partial hardening (sclerosis) of 

the specimen. From the viewpoint of in vivo arterial strength 

measurement, it was measured from the change in blood 

vessel diameter in rest. In addition, in vivo stiffness Eth were 

0.63MPa (uniaxial test) and 0.38MPa (pressure test), 

respectively, showing in the Fig. 11.                           

D. A correlation between strength and stiffness:  

Figure 12 shows the correlation between strength (tensile and 

burst pressure tests) and stiffness obtained from common 

carotid artery specimens of human (80's) and young sheep (24 

months old). The correlation equation is given by 

 
                                                                                       (8) 

 

Therefore, in vivo strength can be estimated from the change 

in blood vessel diameter at rest using the nondestructive 

measurement method described below. Furthermore, in order 

to make a graph with high correlation, it is necessary to add 

measurement data. 

 

 
Figure 10.  Stress-strain curve between nominal strain and stress of balloon 

tube (uniaxial tension and internal pressure test to rupture point). 

 

Figure 11.  Stress-strain curve between tension and internal pressure tests 

(human common carotid artery, 80’s) 

  4.19759.37278.3951  5.2234

 2.6897.1090.7)(   

23

456





EthEthEth

EtEtEthMPastrengthvivoIn
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Figure 12.  A correlation between stiffness (Eth) and burst pressure (Bp, 

experimentally ruptured) of the common carotid artery (CCA) for human and 

young sheep. 

E.  In vivo strength estimation with ultrasonic echo imaging 

Figure 13 shows a system for estimating sclerosis of in 

vivo artery using ultrasonic B-mode image (540x420 pixel, 

0.0713 mm/pixel linear probe). The variation of di is measured 

during several heartbeat times. And we assumed that 

do=di+wall thickness (t), (average t=~0.8mm; anatomical data 

for age of 40s~80s). We developed trial software [31] to 

estimate the variation of the di in real time.As a typical 

example, it was estimated in vivo Eth=0.154 MPa for young 

adult aged 16: in detail is shown in the figure.  From Fig. 12 or 

Eq. (7), burst pressure is 1487mmHg which is about 12-time 

normal blood pressure. From the data for men aged 20 to 80 

(159 men and 51 women on both sides of the CCA), the 

average burst pressure was 1000 mmHg for the aged 20, 800 

mmHg for the age 40, 700mmHg for the age 60, and 550 

mmHg for the age 80, which were in the case of health 

people[29]. However, because individual differences are large, 

it is important to measure blood vessel strength properly in the 

evaluation of aneurysm rupture. 

 

 

Figure 13.  In vivo strength estimation with vibration analysis of artery wall. 

The system has developed for estimating strength of in vivo artery using B-

mode ultrasound imaging[31]: the curve shows variation of di  with time. 

F. In vivo strength estimation with wall vibration analysis  

 

We developed a new method [32] measuring arterial 

stiffness without using an ultrasonic device. The principle is 

the natural frequency of the vessel wall by the pulse wave. All 

structure has a natural frequency which is depend only on 

mass and stiffness of the system that is deformation resistance 

in response to an applied force. Therefore, stiffness of artery 

can be measured from the natural frequency of bulge vibration 

generated by variation of blood pressure. 

The relationship between natural vibrations and stiffness for 

basic vibration systems can be found in the textbook.   

Figure 14 shows a correlation between the natural 

frequencies measured (fn) on the skin surface and stiffness 

(Eth) of the CCA. Because of the influence of soft tissue 

around arteries, it was formulated as an experimental 

correlation.The following equation was obtained for the three 

arteries (upper extremity, superficial temporal artery and 

CCA). 

 

     Eth=0.014 (fn) - 0.13,      R2= 0.66.          (9) 

 

 

 

Figure 14.  A correlation between the natural frequencies measured (fn) on the 

skin surface and stiffness (Eth) of  CCA using ultrasonic imaging 

Figure 15 shows the final procedures for assessing 

aneurysm rupture risk with the expansion ratio (n) for some 

typical aneurysms. These curves are calculated for two cases 

of blood pressures at 120 and 160 mmHg. Assumed that 

patient’s CCA strength is 0.5 to 2.25MPa, it‘ll burst at n=2.6 

times (120mmHg) or at n=2.25 times (160mmHg) of the 

parent artery size from the graphs. Unlike the current 

guidelines  using the standard aneurysm size [14], the 

aneurysm expansion ratio (n) standard is our method. 

Therefore, the risk of aneurysm rupture can be assessed 

quantitatively from in vivo strength of the patient's, for 

example, the CCA. 
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Figure 15.  Relationship between rupture risk and expansion ratio (n) for some 

typical aneurysms: true stress is calculated using thickness (t '), and 

denominator of n is the parent artery size. The rupture risk can be assessed 

from the patient's arterial  strength and n.  

Figure 16 illustrates the procedures mentioned for 

formulating aneurysm shape and evaluating the risk of rupture. 

The risk of rupture can be assessed from aneurysm images and 

patient vessel strength data, enabling telemedicine diagnosis 

via the internet. This will lead to a technology that enables 

reasonable and appropriate medical examination that does not 

depend on hospital facilities, doctors and areas. Furthermore, 

to clarify the characteristics of the ruptured aortic aneurysm 

shape, it is feasible by big data analysis of the numerical value 

of the following items based on statistical probabilities. 

1) Distribution of the coefficients (a, b, & c) in aneurysm at 

detection. 

2) Distribution of the  coefficients (a, b, & c) and wall 

thickness. 

 

Figure 16.  Procedure for assessing biomechanical aneurysm rupture risk from 

medical imaging. 

3) Relation of the coefficients (a, b, & c), pre-ruptured wall 

stress, age, and gender. 

4) Probability distribution of the coefficients (a, b, & c) just 

before rupture, and so on.. 

G. Towards application of AI technology for evaluation of 

rupture risk  

Currently, aneurysm rupture risk diagnosis depends on 

hospital equipment, clinicians' experience and skills, area and 

country. We think that the same diagnosis must be made for 

the same disease. To realize, 1) the same specification 
equipment and the same examination procedures,  2)internet 

environment, 3) digitization of information, clinical data 

accumulation, statistic probability theory, machine diagnosis by AI 

technology application by deep learning etc., 4) Final 

diagnosis by world-class expert group on AI results, 5) 

obtaining the final diagnosis results from the cloud computing 

(international network), and  6) standard medical treatment 

procedures are need to be established. This will enable medical 

institutions around the world to receive community-independent 
treatment and care.  

Figure 17 shows the procedures, which are global unified-

optimal diagnosis by application of AI technology with cloud 

computing. We expect that by taking time and accumulating 

clinical data on diagnostic treatments around the world, this 

concept will establish as a more accurate method. 

 

Figure 17.  A global unified-optimal diagnosis by application of AI technology 

with cloud computing. This will help promote one diagnostic solution that is 
country, region, and hospital/medical center independent. 

IV. CONCLUDING REMARKS 

The current diagnostic procedures based on guidelines use 

aneurysm shape, maximum diameter and growth rate etc. 

Therefore, it may not reflect the actual rupture correctly. We 

believe that the establishment of diagnosis based on 

biomechanical evaluation and the introduction of artificial 

intelligence (AI) technology are considered to be the next 

issues. It is summarized as follows. 

1) By expressing the aneurysm with an ellipsoidal 

equation, the reduction in wall thickness and stress related to 

rupture can be easily evaluated. 

In case of the correlation between the shape and the 

mathematical expression is not good, it implies that there is a 

in vivo 

strength 
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local difference in the hardness of the blood vessel wall. In 

this case, simulation analysis by FEA etc. and management of 

rupture risk are recommended. 

2) To measure in vivo blood vessel strength, techniques of 

ultrasonic and blood vessel vibration can be applied  

3) By digitization of the aneurysm shape facilitates the 

application of AI techniques by mathematical processing in 

rupture risk management. Therefore, it enables reasonable and 

appropriate diagnosis independent of hospital equipment, 

doctors and areas. And the world's top level diagnostic will be 

available via the Internet. 
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