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Abstract--- In this paper, we are concerned with the two-grid 

finite volume element methods to the second-order quasi-linear 

parabolic problems. Two-grid finite volume element methods 

are based on two linear conforming finite element spaces on 

one coarse grid and one fine grid. Here, it is proved that the 

coarse grid can be much coarser than the fine grid. With the 

proposed techniques, solving the nonlinear problems is 

reduced to solving a linear problem on the fine space. 

Convergence estimates are derived to justify the efficiency of 

the proposed two-grid algorithms. A numerical experiment 

confirms some results of theoretical analysis. 

 

Keywords--- two-grid finite volume element method, second 

order quasi-linear parabolic problem, second order partial 

differential equation  

 

I. INTRODUCTION 

The finite volume element methods (FVEMs) are a 

discretization technique for the partial differential equations 

arising from physical conservation laws including mass, 

energy. 

The finite volume element methods are the special cases 

of generalized difference methods.[1-6] 

 The finite volume element methods discretize the 

integral form of conservation law of differential equation by 

choosing linear or bilinear finite element space as trial space. 

They have the simplicity of finite difference methods and 

the accuracy of finite element methods and have been 

widely used in computational fluid mechanics because they 

keep the conservation law of mass or energy. 

Cai and Steve Mccormic [1] had presented finite volume 

element method for diffusion equations on composite grids 

and provided the error estimates which were relatively 

complicated. 

Afterwards, they gave simple theoretical analysis for 

diffusion equations on general triangulations. 

However, it was constrained to special choosing of 

control volumes. 

Li Qian and his colleagues [7,8] also had a lot of 

contributions to the studies of finite volume element 

methods. Plexousakis and Zouraris [9] derived a class of 

high order finite volume element methods for solving one 

dimensional elliptic equation. Cai, Douglas and Park [10] 

constructed a high order finite volume element method by 

mixed variational principle. They presented a ways to derive 

high order finite volume element method over rectangular 

meshes. 

Mishev [11] has considered the FVEM in the linear 

conforming finite element space and has established the 

error estimate in the 
1H -norm. 

Wu and Li [12] have obtained the 
1H  superconvergence 

and 
pL  error estimates between the solution of the FVEM 

and that of the finite element method.  

Li [13] has considered the finite volume element method 

for a nonlinear elliptic problem and obtained the error 

estimate in the 
1H norm.  

Xu [14-16] has studied the two-grid finite element 

method based on two finite element spaces on one coarse 

and one fine grid for non-symmetric and nonlinear elliptic 

problems. 

Late on, Xu, Zhou [17] for eigenvalue problems, 

Axelsson and Layton [18] for nonlinear elliptic problems, 

Dawson, Wheeler and Woodward [19] for finite difference 

scheme for nonlinear parabolic equations, Layton and 

Lenferink [20] and Utnes [21] for Navier-Stokes equations, 

Marion and Xu [22] for evolution equations have considered 

the two grid method. 

C.J. Bi and V. Ginting [23] have studied two grid finite 

volume element discretization techniques for the non-

selfadjoint and definite linear elliptic problems and the 

nonlinear elliptic problems based on two linear conforming 

finite element spaces 
HV  and hV  with grid size H and h  

( hH  ). 

In this paper, we consider two-grid finite volume element 

method for two-dimensional quasi-linear parabolic equation 

based on two linear conforming finite element spaces with 

coarse grid and dense grid. 

The rest of the article is organized as follows: In Section 

2, we describe the FVEM for the quasi-linear parabolic 

equation and algorithm of two-grid finite volume element 

scheme. Section 3 contains the error analysis by two-grid 

finite volume element method for quasi-linear parabolic 

equation.  
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II. -TWO GRID FINITE VOLUME ELEMENT SCHEME 

We consider the initial-boundary value problem of quasi-linear parabolic equations 

 ],0(),(,),,()),,(( Ttxutxfuutxdiv
t

u





 , (1.1) 

 ],0(),(,0),( Ttxtxu  , (1.2) 

  xxuxu ,)()0,( 0  , (1.3) 

 where 
2R is a bounded-closed, convex domain. 

We assume that ),,( utx , ),,( utxf  are smooth functions on RT  ],0( and equations (1.1) - (1.3) have the 

only unique solution )(1

0 Hu  on the ],0( T .  

Writing the variational equations of equations (1.1) – (1.3), 

 )(,),,()),,(( 1

0 






Hvvdxutxfvdxuutxvdx
t

u
 .  

The weak formulation of (1.1) – (1.3) is  

 )(,)),,,((),;(),( 1

0 



Hvvutxfvuuav

t

u
, (1.4) 

where (  , ) denotes the )(2 L –inner product and the bilinear ),( a  is defined by 

)(,,)),,((),( 1

0  


Hvuvdxuutxvua   and ),),,((),;( vuwtxvuwa   . 

Let hT  be a quasi – uniform triangulation of   with }max{ khh  , where kh  is the diameter of the element triangle 

hTk . 

We consider a finite element discretization of (1.4) in the standard conforming finite element space hV of piecewise 

linear functions, defined on the triangulation hT , 

 },0linear, is ),({
k hh TkvvCvvV   . 

In order to describe the FVEM for solving equation (1.1) – (1.3), we construct a dual partition 
*

hT  based upon the 

original triangulation hT  whose elements are called the control volumes.  

We construct the control volume as follows; Let kz  be the barycenter of hTK  . We connect kz  with line segments to 

the midpoints of the edges of K , thus partitioning K  into three quadrilaterals )(, KZzK hz  , where )(KZ h  are the set of 

vertices of K .  

Then with each vertex 
hTK

hh KZZz


 )(  we associate a control volume zw , which consists of the union of the 

subregions 
zK , sharing the vertex z . Thus we obtain a group of control volumes covering the domain  , which is called the 

dual partition 
*

hT  of the triangulation hT .  

We denote the set of interior vertices of hZ  by 
0

hZ .  

 We call the partition 
*

hT  regular or quasi-uniform, if there exists a positive constant 0C  such that 

*221 ,)( hzz TwChwmeashC 
. 

We formulate the FVEM for the equation (1.1) ) – (1.3) as follows. 

Given the vertex hZz , integrating equation (1.1) ) – (1.3) over the associated control volume zw  and applying 

Green’s formula, we obtain 
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 dxutxfndsuutxdx
t

u

zzz www

 






),,()),,(( , (1.5) where n  denotes the unit outer-normal vector on 
zw . 

The semi-discrete FVE approximation solution of (1.1) – (1.3) is defined as a )0(),( TtVtxu hh  , such that  

 dxutxfndsuutxdx
t

u

hhh w

h

w

hh

w

h

 






),,()),,(( . (1.6) 

Now the interpolation operator 
** : hhh VV   is defined by  

 z

Zz

hhh

h

zvv 



0

)(*
, (1.7) where 

} if,0; allforconstantis,)({ *2*  zvTwvLvvV
zz

whzwh
 and 

z  is the characteristic 

function of the control volume 
zw . 

The semi-discrete FVEM (1.6) can be rewritten in a variational form  

 

)()0,(

)),,,((),;(),(

0

***

xuxu

vutxfvuuav
t

u

hh

hhhhhhhhhh

h








, (1.8) where for any hhhh Vwvu ,, the bilinear form 

),;( *  hha  is defined by 

 ndsuwtxzvdsvnuwvuwa

h hh z
Zz w

hhh

Zz w

hhhhhhhhh    
  

00

)),,(()()),((),;( **   (1.9) 

Next we partition off the interval ],0( T  in order to derive full discrete FVE scheme. 

Let   be the time step size. kt k   and 
k

hkh utu )( . 

Writing the full discrete FVE scheme for equation (1.1) – (1.3), 

 




xxuu

Vvvutxfvuuavu

hh

h

k

h

k

hh

k

h

kk

hh

k

h

k

hh

k

hh

k

ht

),(

),),,,((),;(),(

0

0

***

 (1.10) where 


1


k

h

k

hk

ht

uu
u . 

We shall present the two-grid finite volume element algorithm for the equation (1.10) based on two finite element spaces. 

The two-grid method is to reduce the quasi-linear problem on a fine grid into a linear problem by solving a quasi-linear 

problem on a coarse grid. 

Let HT  and hT  be two quasi-uniform triangulations of   with two different mesh size H , )( hHh  . 

 HT , hT  will be called the coarse grid, the fine grid, respectively. 

hH VV ,  are the corresponding finite element spaces. 

The two-grid finite volume element algorithm of the equation (1.10) is as follows. 

① Find ,...)2,1(  kVu H

k

H  such that  

 




xxuu

Vvvutxfvuuavu

HH

H

k

H

k

HH

k

H

kk

HH

k

H

k

HH

k

HH

k

Ht

),(

),),,,((),;(),(

0

0

***

 (1.11) on the coarse grid HT .  

 ② Find ,...)2,1(  kVu h

k

h
 such that 

 




xxuu

Vvvutxfvuuavu

hh

h

k

h

k

hh

k

H

kk

hh

k

h

k

Hh

k

hh

k

ht

),(

),),,,((),;(),(

0

0

***

 (1.12) on the fine grid hT .  

This approximate solution 
k

hu  is called the approximate solution of the two-grid finite volume element method of 

equations (1.1) – (1.3). 
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III. ERROR ANALYSIS OF APPROXIMATE SOLUTION 

In this section, we shall present the error estimate for the two-grid finite volume element method. 

To describe error estimates, we first define some discrete norms on hV .  

 

),(,,)/))(((

),()(),(,),(

2

0

2

,1

2

,0

2

,1

22

,1

,0,0

2

,0

hhhhhh

Zx
hhhh

Zx

ijhjhihh

Zx

hhhhhhihhhhhhhh

uuuuuuduuVmeasu

uuuuVmeasuuuuu

hi hi

i

hi

ii



 









 


 (2.1) 

We introduce the following bilinear forms 

,)),((),;(

,)),((),;(

,))((),;(,))((),;(

**

,

**

 

 



 

 









z z

z z

Nz w

hhhhhhhhch

Nz w

hhhhhhhhh

hhhhhhchhhhhh

dsvnuwvuwa

dsvnuwvuwa

dxvuwvuwadxvuwvuwa







 

 where dxw
Kmeas

w hkh 


 ),(
)(

1
)(   and ),( jiij xxdd   is the distance between ix  and jx . 

For )(, 1

0 Hwu  we assume that 
2

12),;( uCuuwa hh 
. 

Lemma 1. For any arbitrary hhh Vvu , , we have  

 

dxvvutxuutx

dsvvnutxuutx

vuuavuua

h

h

TK K

hhhhhh

TK K

hhhhhh

hhhhhhhhh



 



 







)()),,(),,((

)()),,(),,((

),;(),;(

*

*

*



  (2.2) 

Proof. Using the formula of Green,  

 

),;()),,((

)),,((),),,(((

hhhhh

Tk k

hh

h

Tk k

hh

Tk

hhh

vuuadsnvuutx

dxvuutxdivvuutxdiv
h









 







 

 Moreover 

),;()),,((

)),,((()),,((

)),),,((()),),,(((

**

**

**

hhhhhhh

Tk k

hh

Zx

hh

w

hhhh

Tk k

hh

Tk Zx

wkhhhh

Tk

hhhh

vuuadsvnuutx

dsvnuutxdsvnuutx

vuutxdivvuutxdiv

hj
jx

hj

jx

h









  

 

 

  

 











 

From two expressions above 

dxvvuutxdsvvnuutx

vuuavuua

hh Tk k

hhhhh

Tk k

hhhhh

hhhhhhhhh

 
 





)()),,(()()),,((

),;(),;(

**

*


. 

The following lemma is proved in [3]. 

Lemma 2. For any arbitrary hh Vu  , there exist a positive constant 0C , 1C  such that 
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uCuuC

uCuuC

uCuuC

,111,10

01000

,010,00







 (2.3) 

Lemma 3. For any arbitrary hh Vu  , there exist a positive constant 
1C ,

2C  such that 

 
2

12

1

*

),;( hhhhhh

hhh

uCuuwa

uCu






 hhh Vwu  ,  (2.4) 

proof. 

 From inequality )(),( **
2

*

ih

Nx

hhhhhhh wmeasuuuuu
i

hi

i
 



, the first inequality is established. 

The second inequality is established from the given condition. 

Let 
hh VHp )(: 2

 be operator defined by equation 
hhhhhh Vvvupuwa  ,0),;( *

. 

We call elliptic projection of )()( 1

0

2  HHu   operator 
hh VHp )(: 2

. 

 Now we give the error of the approximate solution of the finite volume element method for the equations (1.1) – (1.3). 

Theorem 1. Let u  and 
k

hu  be the solution of equation (1.1) – (1.3) and (1.10), respectively.  

Assume that ),,( utxf  satisfies the inequality  

 RvwvwCvtxfwtxf  ,,),,(),,( . 

Then, there exist a positive constant C  such that 

 )(
3

2

30

2

00

k

tth

k

h

kk

h uuhuhuuCuu  . (2.5)  

proof. By ellipse projection operator hp  

 
kkk

h

k

h

k

h

kk

h uupupuuu   )()(  (2.6)  

From the equation (1.10) and the elliptic operator hp , 
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
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k

t
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)],;(),;([ **
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hhh
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hh vuuavuua  . 

 hh Vv   

Choosing 
k

hv  , 
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),;())(,(
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By Lemma 3, 
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 (2.7)  

 By Lemma 2 
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 Rewriting, 
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Using )(),(),(( 1

kkk

h

k cufuf    [4], 
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Next, we give the error of the approximate solution of the two-grid finite volume element scheme (1.11) - (1.12) for the 

equations (1.1) – (1.3).  
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proof. By the equation (1.11) – (1.12) and the elliptic projection operator hp , 
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IV.  CONCLUSION 

In this paper, we have studied present a full 

discrete scheme and algorithm of the two – grid finite 

volume element method for a quasi - linear parabolic 

equation. 

We have estimated the error of the approximate 

solution by the two – grid finite volume element method. 
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