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Abstract—In this paper, we consider the extended linear
complementarity problem (ELCP) in management
equilibrium modeling. To this end, we first develop some
equivalent reformulations of the problem. Based on this,
we propose an iterative method for solving the ELCP, its
global convergence is proved under mild conditions.
Furthermore, we also prove that the method has R -linear
convergence rate under suitable conditions.
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l. INTRODUCTION
Let mappings F(x)=Mx+p, G(x)=Nx+q , the

extended linear complementarity problem, abbreviated as
ELCP, is to find vector X" R" such that
F(x) >0, G(x)=0, F(X) G(x)=0, )
AX"+a<0, BX'+b=0,
where M,NeR™" p,geR™ AcR>" BeR"",acR%,beR".
We assume that the solution set of the ELCP is nonempty
throughout this paper, and denote it by X~

The ELCP is a direct generalization of the classical linear
complementarity problem (LCP) which finds applications in
management equilibrium, economics, finance, and operation
research ([1,2,3]). For example, the balance of supply and
demand is central to all economic systems. This fundamental
equation in economics is often described by a
complementarity relation between two sets of decision
variables([1]). Furthermore, the classical Walrasian law of
competitive equilibria of exchange economies can be
formulated as a generalized nonlinear complementarity
problem in the price and excess demand variables ([2]).

Up to now, the error estimation and existence of the
solution for ELCP were fully analyzed ([3-9]). To our
knowledge, the issues of numerical methods for solving the
problem was also discussed in the literature ([4,5,6,8]), the
basic idea of these methods is to reformulate the problem as an
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unconstrained or simply constrained optimization problem
([6]), the condition which the nonsingularity of Jacobian at a
solution guarantees that the L-M method for ELCP has global
convergence ([6]). Sun ([4, 5]) propose some new type of
solution methods to solve the ELCP, and show that these

algorithms are global convergence under the mapping G(x) is

monotone with respect to F(x) . This motivates us to consider

a new method for the ELCP under mild conditions. So, in this
paper, we propose the new iterative method which is different
from the algorithms listed above to solve ELCP.

The rest of this paper is organized as follows. In Section 2,
we first develop some equivalent reformulations of the ELCP.
In Section 3, a new iterative method for solving the ELCP is
proposed, and we establish its the global convergence under
mild condition. Compared with the existing solution methods
in [4, 5], the condition guaranteed for convergence is weaker.
Furthermore, under suitable conditions, the R -linear
convergence rate analysis of the proposed algorithm is also
presented in this paper. Finally, some conclusions are drawn in
Section 4.

We end this section with some notations used in this paper.
Vectors considered in this paper are all taken in Euclidean
space equipped with the standard inner product. The Euclidean
norm of vector in the space is denoted by I 01l We use x>0
to denote a nonnegative vector x € R" if there is no confusion.

Il.  THE EQUIVALENT REFORMULATION OF THE ELCP

In this section, we will establish some equivalent
reformulations of the ELCP, and state some well known
properties of the projection operator. First, the following result
is straightforward.

Proposition 2.1 For x"eR" is a solution of (1) if and only
if x"is a solution of the following problem

F(X) G(x')
H(xX)=| -(AX"+a) |20, Q(x):= 0 >0, 9
BX +b —(Bx" +D) @
H(x)'Q(x) =0.
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By (2), a direct computation yields that we can establish
the following equivalent formulation of the ELCP.

Proposition 2.2 For X" eR" is a solution of (1) if and only
if x"is a solution of the following problem
H(O) (Q(X)-Q(x)) 20,  VQ(x)>0. ©))
By (3), the ELCP can also be equivalently converted into
the following problem: find x" e R", such that
(x=x)(MX +0)>0, VxeA. 4
where
A={NXx+@>0,Bx+b<0}, M=N"M -B'B, g=N"p-B'b.

Now, we give the definition of projection operator and
some relate properties which will be used in the sequel([11]).

For nonempty closed convex set Q< R" and any vector
x e R", the orthogonal projection of x onto Q, i.e.,
argmin{l y—xll| y e O},
is denoted by P,(x) .

Proposition 2.3 Forany ueR"veQ, then
(i)(Pa(u) —u,v =P, (u)) 20,

(iD)||Po () = P ()|* < Jlu =V =[Py (W) —u) — (P (V) — V)|

For convenience, we define vector
r(u, p):=u-P,[u-p(Mu+q)]
=u-P[(I - pM)u-pq)], p>0.

Combining Proposition 2.2 with Proposition 2.3, one can
prove that (4) is equivalent to the fixed-point problem, this
result is due to Noor([10]).

Proposition 2.4 x"eR" is a solution of (1) if and only if
r(x’, p)=0for some p>0.

I1l.  ALGORITHM AND CONVERGENCE

In this section, we will propose a new iterative method for
solving the ELCP, and its the global convergence and R -
linear convergence rate were also established under mild
condition. Now, we give the following assumptions which are
crucial to our method.

Assumption (A1) The mapping F is pseudo-monotone on
A, i.e., forany x,yeA, it holds that

Fy)x=y)20=(F(),x-y)20,
where E(x)=Mx+q.
Certainly, if £ is monotone on A , then F is pseudo-

monotone on A . If the mapping F is pseudo-monotone on A,
then for any x e X", (F(x),x—x")>0,Vx € A.

Now, we formally state our algorithm.
Algorithm 3.1.
Step 0. Choose any o,7,p€(0,1),x° e A,x " =x%k:=0.
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Step 1. For xeA , compute z*:=P,[(1 — pM)x* — p)].
Ifll r(x*, p) =0, stop; otherwise, compute
y = (1—77k)Xk +77ka )
where 7, =r™ with m,_being the smallest non-negative integer
m satisfying
- ~ 2
(M +ar(,p))= @+ 7" [MPJro¢. o . ()
Let x“*:=P, (x) where o, -Hi(H;A, and
Hi ={xeR"[(x—y*,My* + ) <0},
HZ ={xeR"|(x—x*x*"—x*) <0}
In this following, we discuss the feasibility of stepsize rule

(5). If Algorithm 3.1 terminates with [ r(x, p) II=0, then x*is

a solution of (1). Otherwise, from Proposition 2.3, we have
that

(WX +0).r (<, p)) = [r (<, )]
= (P(MX+0)x = P [X"  p(MX* +0)])
= RUX — p(MX* + )L X - RIX — p(MX* +Q)])

= (PuIX" = p(MX* +Q)1- (<" = p(MX“+ ), X" ~ Ry [X* = p(MX* +4)])
0

v

i.e.
(x +a)r(xt p) 2 o7 [rx o) >0 (6)
Thus, for large enough number m , so (5) holds by
choosing appropriate values of parameterso,y, o .

The following result says that if the solution set X is
nonempty , then X" cQ, and Q, is a nonempty set.

Lemma 3.1  Suppose that Assumption (A1) holds, and
the solution set X" is nonempty. Then, X" cQ, .

Proof For any x eX’, one has (Mx +gq,y*—x")>0,
combining this with Assumption (Al), we obtain that
(My* +q,y*—x)=0,vx e X". Thus, X" cH! NA .

In this following, we prove that x" < H?Z, for any k>0 by
induction.

Obviously, x" < HZ =R". Suppose that x" c H?, then

X e =HH.NA.
For x" e X", by Proposition 2.3(i), we can obtain
<X* _ Xk+1’Xk _ Xk+1> — <X* _ ng (Xk),Xk _ ng (Xk)> < O,
Thus, x"c H/,,.

This shows that x < H? for any k>0, and the desired

result follows.

If Algorithm 3.1 terminates at Step 1, then x* is a solution
of this problem. Otherwise, it generates an infinite sequence.
Now, we give the global convergence result of Algorithm 3.1.
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Theorem3.1. Suppose Assumption (Al) holds, the
solution set of (1) is nonempty, and Algorithm 3.1 generates

an infinite sequence {x*} . Then, the sequence {x*} is bounded
and globally converges to a solution of (1).
Proof For any x"eX". Since x' eQ and x“*=P, (x),
from Proposition 2.3(ii), one has
X<t =X =1 R, (X) =Py, (XIP
<X =X P (B, (X) =X ) = (P, () =) I
=l X = X1l B, (X) = X“IP

et _ k|2,

U]

=l x* =x"IPl x
By (7), the sequence {ka - xH} is non-increasing and bounded.
Thus, it converges, and the sequence {xk} is also bounded.
From (7) again, we obtain
liml| X — x4 =0, (8)
On the other hand, since
o My 40X -y

Py =X — o2 (MY +).
M) My + gl
Combining this with x*** e H, , we have that
X =Xz 1% = Py (X
My 4 G 1 -y .
:< y_‘ kq A2y>('—\v|yk+q)
IMy* +ql

iy x|
IMy* + e
[ (@=m)x + 2 + a5 = (@=n )X +n 2|
IM (A= 7,)% +7,2) + gl
[Mxt -+ @)= W0 (¢ = 29, (¢ = 24)|
IM (- 7)%* +7,2°) +q
et +a)-nMre¢, o) mr (<, o))
IN (= 1,)%* +7,2) +
et +aymre o0 - Mo, o) (¢, o))
IM (- 7)%* +7,2°) + 4
(X +Q),r (¢, o) -2 [ ot o
IN1(@=7,)%* +7,2%) + gl
_ e nMDrec )~z W roc o0
- N (= 77,)%* +7,2%) + gl
nelroc o)

M@= )X + 7,2+l
Combining (9) with (8), we have

nolr <o) _
S M (@- )X+ )+l
Since {x*} is bounded, so {zk} is bounded, and thus

My +q

T
>

)
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AN (@— )X +7,2) + 0l
is also bounded. It follows that

. 2
limp|r(x, )| =0. (10)
By (10), we know that
limp, =0 or lier(Xk,p)H:O.
For any convergent subsequence {xkl} of {x*} , denote its limit
by x,i.e., limx“ =x. Thus, one has
jow

limp, =0 or !er(xk' ,p)H =0.

jow
For the first case, by the choice of m in Algorithm 3.1, we
know that
~ 7, ) 2
(M +q.r(xk‘,p)><(0+%HMH)HV(Xk',p)H :
Combining this, we obtain

lim(Mx +G,r(x", p)) < lim(o+ 2 M e o)
io® jo» 1%
i.e.,
(Mx+a.r(x,0)) <olrxp) -
Using a similar argument of (6), one has
(Mx+).r(0) 2 07 Jrx )]
with o,pe(0,1), we have p’l“r(;(,p)“zSaHr(;,p)Hz. Thus, we

know that Hr(i,p)H =0 and thus x is a solution of (1).

For the case I_ier(xk’ ,p)H =0, it is easy to see that the limit
jow

point x of {x“} is a solution of (1).

By (7). we know that {x*} is a Fejer sequence with respect

to the solution set X", the global convergence can easily be
obtained.

Next, we discuss the convergence rate of Algorithm 3.1.
To this end, we first prove that the sequence {7, } generated by

Algorithm 3.1 has a positive bound from below.

Lemma 3.2. The sequence {»,} generated by Algorithm
3.1 has a positive bound from below.

Proof By the line search procedure for updating 7, , if
n. <y, then

(Mx+qr(¢, ) < (a+77—7"HM brecs. o) (11)
Using (6), one has

(x +aurec o)z 7 frec ). (12)
Combining (11) with (12), we obtain

P re, o) < (0+%HM Drex. o) -
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1
Thus, 5, z%. From which it follows that, for all k

] r(pt—0)
UkZU-—m'n{lxM } (13)

In this following, we give the following assumption is
needed.

Assumption (A2) There exist positive constants u, s and
x" e X" such that
Hx— X*H <|r(x, p)

. Vx with [|r(x, p)| <.

Theorem 3.2. Let Assumptions (Al)-(A2) hold, and

2
parameters 7,0,7,4 such that 0<1—@<1. Then, the
T

sequence {x‘| generated by Algorithm 3.1 is R -linear
convergence to the solution of (1).

Proof From the proof of Theorem 3.1, we know that {x*|
and {zk} are bounded sequences, so there exists a positive

constant zsuch that M (1—7,)x" +7,2*)+dl<z. From (7), (9)
and (13), we know that

| X4+ — xR <] ¢ = XTI <t — xK|)2

@0 ro<. o)

< xk=x71? - -
IM (A= 177,)%* +7,2%) + P
4
az 0) r(X, p)
<l X< =xIP — |
4
qp @0)r(d o)) (14)
<l =P -

2 K 2
|1 IR AL e

2 n2
<1 (770)2 B
T
where the fifth inequality is obtained by Assumption (A2), the

last inequality follows from the fact that the sequence {x*} is

Il Xk = X1,

bounded. Using (14), one has
2 n2
X - xR < {&W} X~ xIP
T
2 p2 2
3{1-(’7")2[’} Xt X
T
<...
2 52 k+1
{1_(770')2,3} I x° = X711,
T

Select the appropriate parameters

2

0<1- 7(770'2ﬂ )
T

n,o,7,p such that
<1, we have the sequence {Xk} generated by the

algorithm 3.1 is R -linear convergence to the solution of (1).
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V. CONCLUSIONS

In this paper, we propose a new iterative method for
solving ELCP in management equilibrium modeling which
has a global convergence and R -linear convergence rate
under milder conditions.

According to its limitations, this work has several possible
extensions. First, the parameters of Algorithm 3.1 is adjusted
dynamically to further enhance the efficiency of the method.
Second, Algorithm 3.1 is tailored for ELCP. Therefore, how to
extend it to nonlinear complementarity problem, this is an
interesting topic for further research.
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