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Abstract— In this paper, we consider nonlinear complementarity
problem on management equilibrium model (NCP). To solve the
problem, we first establish an error bound estimation for the
NCP via a new type of residual function. Based on this, the
famous Levenberg-Marquardt (L-M) algorithm is employed for
obtaining its solution, and we show that the L-M algorithm is
quadratically convergent without nondegenerate solution. These
conclusions can be viewed as extensions of previously known
results.
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l. INTRODUCTION

We consider nonlinear complementarity problem on
management equilibrium model (NCP). Let mapping
f:R" > R", NCPisto find a vector x" eR" such that

x>0, f(x)=0, (X) f(x)=0, 1)

where f(x) is polynomial function with power m . We denote

the solution set of the NCP by X", which is assumed to be
nonempty throughout this paper.

The NCP plays a significant role in supply chain
equilibrium management, economics management, and
operation research, etc. ([1-4]). For example, the balance of
supply and demand is central to all economic systems;
mathematically, this fundamental equation in economics is
often described by complementarity relation between two sets
of decision variables. Furthermore, the classical Walrasian law
of competitive equilibrium of exchange economies can be
formulated as a nonlinear complementarity problem in the
price and excess demand variables ([2]).

In recent years, many efficient solution methods have been
proposed for solving NCP ([5]). The basic idea of these
methods is to reformulate the problem as an unconstrained or
simply constrained optimization problem (e.g., [5, 6, 7, 8]). It
is well-known that nonsingularity of Jacobian at a solution
guarantees that the famous Levenberg-Marquardt (L-M)
method for NCP has a quadratic rate of convergence [6, 7].
Recently, Yamashita and Fukushima showed that the
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assumption of local error bound is much weaker than that of
the nonsingularity of Jacobian [9]. This motivates us to
consider the error bound estimation for the NCP. So, in this
paper, we are concentrated on establishing an error bound for
the NCP via a new type of residual function under mild
conditions, and discussing its applications on the convergence
analysis of L-M method for solving the NCP.

The rest of this paper is organized as follows. In Section 2,
we mainly give equivalent reformulation of NCP, and
establish an error bound estimation for the NCP via an easily
computable residual function. In Section 3, L-M algorithm is
employed for obtaining solution of NCP, and use the obtained
result of error bound to establish a quadratic rate of
convergence without nondegenerate solution. Compared with
the algorithm converges in [6, 7], our conditions are weaker.

We end this section with some notations used in this paper.
Vectors considered in this paper are all taken in Euclidean
space equipped with the standard inner product. The Euclidean
2-norm of vector in the space is denoted by | 0ll. We also
use x>0 to denote a nonnegative vector X € R" if there is no
confusion.

Il.  THE EQUIVALENT REFORMULATION AND ERROR
BounD FOrR NCP

In this section, we present an equivalent reformulation of
NCP, and establish an error bound estimation for the NCP,
which is extension of previously known result.

First, we give the following Fischer function ([10])

#:R®> — R" defined by
#(a,b)=+/a’ +b’ —a—b, for a,beR.

For this function, besides the following basic property
#(a,b)=0<=a>0,b>0,ab=0.

For arbitrary vectorsa,b € R", we also define a vector-valued
function y(a,b) with

w(a,b) = (4(a,b), ¢, .b,).... 4(a,.b,)" .
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Based on this mapping, we can transform NCP into a system
of equations via the following vector-valued function

®:R" — R"as follows:
D(X) =w (X, f(X)). 2
Obviously, the following result is straightforward.

Theoreml. X is a solution of the NCP if and only if
d(x)=0.

To establish an error bound estimation for the NCP by
residual function ®(x) . First, we give the following result in

which Tseng ([11]) showed.

Lemmal. Forany(a,b) € R?, one has
(2=/2) | min(a,b) <] 4(a,b) |< (2+/2) | min(a,b) | (3)

Lemma2. Given constant o, >0, for any xeR",[x|<a, .
Then, there exists a constant 73, >0 such that

1
dist(x, X ) <p®d(x)". 4)
where dist(x,X™) denotes the distance between the point
X e R" and the solution set X".

Proof Firstly, we show that there exists constant 7, >0
such that

dist(x, X") < ,r ()", ¥x € R", 5)
where r(x) =|min{x, f (x)}

XH <o,.

Assume that the theorem is false. Then, there exist positive
sequence {r,} and sequence {X} such that z, > as

k —o0 and dist(x*, X") > z,r(x*)", where kaHs%.Thus,

1
r(x<)m 1
— 2/ > 50a koo, 6
dist(x¥,X™) " 7, ©)
Since {Xk} is bounded and r(x) is continuous, by (6), we
have r(x*)—0 as k—oo. Since {x*} is bounded again,

there exists a subsequence {x%} of {x*} such that
k||LT] X5 =X with r(x)=0. Hence, Xe X”. By (6), we can

also obtain
Ky Ky
i\m i\m
lim "0 ¢ i O™ (7)
kol x5 — x| ki~=dist(x, X ")
On the other hand, since f(X) is polynomial function with

powerm. From x5 —X ,and r(x)—0. Thus, we know
that, for all sufficiently largek; ,

1
r(x)m /Il X — x> 6,
for some positive number €, this contradicts (7). Thus, (5)
holds.
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Secondly, combining (5) with Lemma 1, we have

dist(x, X*) <r()s < V)

2
Letting 7, :770(22“/;)

D(X)",

,and the desired result follows.

In this following, we define the function p:R, >R,

2, ift>t,
p(t)={-1/logt, ifte(0,1),
0, if t =0,

where t (0,1)and p >0 are fixed numbers (the choice of p
does not affect the following theoretical analysis and
numerical experiments, and the function p(t) is bounded).
Combining this with Lemma 2, we have the following result.

Theorem2. Given constant o, >0, for any xeR"|x| <oy,
there exists a constant ,, >0 such that

dist(x, X ") <7, | A DO)|-

Proof For any given v >0, for &, >0, by

limt" logt =0,

t—0"

we obtain that there exists f > 0 such that
t" <—¢,/(Igt) = g,p(t) (8)
where t € (0,t). Thus, one has

1

dist(x,X ") <7, [| D(x) [I"
=n,[(p(x, T, + ($(X,, f,(X)))*

+ot (90X, T 00N
<nAL@x, £ +1((x,, F,(0)°1"

+o [0, TN TY

2

=, {[(¢(x1, fl(x»)Z]zm} +{[(¢(x2, fz(x»)zlzm}

+---+{[(¢(xn, fn(X)))Z]Zm}
<nee { PP F,00))°) + p((B(%,, F,(X))°)?

4 p(((%, £, ()P}
=, || pCD(x) .
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where the first inequality is true by Lemma 2, the fourth

inequality is true by (8) with
t= [¢(Xi’ fi(X))]Z!i 211 2! = N,
v=1/(2m),
the last equality follows from the fact that
P(D(X))

= p((¢(x, T.ON?), p(d(X,, F,00)%), - p(p(X,, T.(x)*)T,

and letting 77, = 77155, then the desired result follows.

In this following, we can transform NCP into a system of
equations via the following vector-valued function
Y:R" > R", and a real-valued function g:R" - R as
follows:

F(x) = p(D(x)) (9

g(x) :=%‘P(x)T Y(x) =%|I W) (10)

Obviously, we have that the following result hold.

Theorem3. X is a solution of the NCP if and only if
¥(x)=0.

I1l.  ALGORITHM AND CONVERGENCE

In this section, a Levenberg-Marquardt method for solving
the NCP also has quadratic rate of convergence based on the
error bound results obtained in Theorem 2. First, we review
some definitions and basic results which will be used in the
sequel.

In the following, for a locally Lipschitzian mapping
®:R"—>R™, we let 60(x) denote the Clarke's generalized
Jacobian of ®(x) at xeR" which can be expressed as the
convex hull of the set 8,0(x) ([12]), where
V = lim ©'(x"), }

XX

8,0(x) =V e R™
O(x) is differentiable at x* for all k

The function ®(x) is not differentiable everywhere with

respect to xeR". However, it is locally Lipschitzian, and
therefore has a nonempty generalized Jacobian in the sense of
Clarke ([13]). In particular, we present an overestimate of
Clarke's generalized Jacobian of @(x) . For simplicity, we

denote the Clarke's generalized Jacobian of @(x) with respect
to xeR" by 6®d(x). Similar to the discussion of Proposition
3.1in [14], we have the following result.

Lemma3. For any xeR", we have o®(x) = (D, + D,f(x))
where D, =diag(a) denotes the diagonal matrix in which the
i -th diagonal element is a, , for vector a<R",

a =2 1ph=— Y1 ifx?+ f(X)2>0,
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8 =6-1 b=mn-1
Vv (&,1;) e R? such that || (&,7,) |I<Lif x? + f (x)? =0.

Now, we recall some basic definitions about

semismoothness and strong semismoothness.

A locally Lipschitz continuous vector valued function
®:R" —R"™ is said to be semismooth at x e R", if the limit
{vh}

Im
Ved®(x+th')
h'—h,tl0

exists forany heR".

It is well known that the directional derivative, denoted by
@'(x;h), of ® at x in the direction h exists for any heR"
if® is semismooth at x . The following properties about the
semismooth function are due to Qi and Sun in [15].

Lemmad4. Suppose that ®:R" —R" is a locally Lipschitz
function and semismooth, then

a) for anyV € 6®(x + h),h —0, Vh—@'(x;h) = o(|| h [);
b) for any h -0, ©(x+h)—O(x) —©'(x;h) =o(|| h ).

Semismooth functions lie between Lipschitz functions and
continuously differentiable functions, and both continuously
differentiable functions and convex functions are semismooth.
A stronger notion than semismoothness is strong
semismoothness.

The function®:R" — R™ is said to be strongly semismooth
at x if @ is semismooth at x and for anyV €6®(x+h) ,h—0,
it holds that

Vh—@'(x;h) =0(| h|}).

A favorable property of the function g(x) is that it is
continuously differentiable on the whole space R" although
P(x) is not in general. We summarize the differential
properties of ¥ and g defined by (9) and (10) in the
following lemma ([16, 17]).

Lemmab5. For the vector-valued function ¥ and real-

valued function g defined by (9) and (10), the following

statements hold.
(a) ¥ isstrongly semi-smooth.
(b) g is continuously differentiable, and its gradient at a

point xeR" is given by Vg(x)=V ¥(x) , where V is an
arbitrary element belonging to 6¥(x).

From Lemma 5 and discussion above, we can obtain the
following result.

Theorem4. (a) For somex” e X", there exist constants
5e(0,1) andn, >0 such that

' #(x+h)—¥(x)-Vhil< 7]l hiIF, vx+h,x e{x| I x— X"l < 5}
(b) ¥ is locally Lipschitzian

In this following, a Levenberg-Marquardt method for
solving the NCP is outlined. It is similar to that in [9, 6], we
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consider L-M for NCP with Armijo step size rule, and discuss
its global convergence and quadratic rate of convergence.

Algorithm 1

Step 1: Choose any point x° eR", parameters £>0, and
a,B.ye(0)) . Let k=0.

Step 2: If || vg(x*)ll< &, stop; Otherwise, go to Step 3.

Step 3: Choose an elementV* e ¥ (x*) . Let d* eR" be the
solution of the linear system
(V) VE+ 4 1d = (V) P(X9).
If d* satisfies || Y(x* +d")lI< Il P(x)II, then
X¥=xk 4d* ki=k+1,
go to Step 5. Otherwise, go to Step 4.
Step 4: Letm, be the smallest non-negative integer m such
that
g(x* +o™d*) < g(x*) + fo"Vg(x*) d*.
Let x*!:=x* + o™d* .
Step 5: Set =1 P(x*")IP,k =k +1, go to Step 2.

For the above Algorithm 1, we assume that Algorithm 1
generates an infinite sequence{x*}. Using Theorem 2 and 4,
combining the proof of Theorem 3.1 in [9], we can obtain the
following global convergence Theorem.

Theorem5. Let {x*} be generated by Algorithm 1, then
any accumulation point of the sequence {x*} is a stationary
point of g . Moreover, if an accumulation point x* of the
sequence {x*} is a solution of (9). Then dist(x*, X") converges
to 0 quadratically.

In Theorem 5, the L-M algorithm is employed for
obtaining solution of NCP, and the method has quadratic rate
of convergence under local error bound, which is much
weaker than the nonsingularity of Jacobian. It is an extension
of the algorithm converges conclusion in [6, 7], which is a
new result for NCP.

In the end of this section, we present the following
example on the supply chain network equilibrium problem
[18], and the numerical experiment of the example is also
reported. Now, we will implement Algorithm 1 in Matlab and

run it on a Pentium 1V computer. We take parameter & =10
Iter denotes the number of iterations.

Example We let f (x) = Mx + p, where

6 1 0 1 -9

2 4 0 1 -6
M = ,p=

2 0 2 2 -4

-1 -1 -2 0 3

Using Algorithm 1, we obtain the solution of this problem
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. 47 42

X = (_ N

3999

The results for this problem with different starting points are

shown in Table 1. We see that the Algorithm 1 performs well
for this problem. To illustrate the stability of Algorithm 1, the

initial point x° is produced randomly in (0, 1.5), we use it to
solve example, and the results are listed in Table 2. Table 1
and Table 2 indicate that Algorithm 1 is not sensitive to the
change of initial point, thus it is very stable.

)

Table 1. Numerical Results of this Example

Starting point (0,0,0) (111) (-1-1,-1)"

Iter 3 4 8

Table 2. Numerical Results of this Example

Trial 1 2 3 4
Iter 2 5 2 3
Trial 5 6 7 8
Iter 6 4 2 3

IV. CONCLUSIONS

In this paper, we first established error estimation for
nonlinear complementarity problem on management
equilibrium model (NCP) by a new residual function. Then,
we propose an algorithm to solve the NCP, and use the error
estimation to establish the global and quadratic rate of
convergence without nondegenerate solution instead of the
nonsingular assumption, this conclusion can be viewed as
extension of previously known result ([6, 7]). How to use our
algorithm to solve the practical management problem based on
the computer, this is a topic for future research.
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