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Abstract— Locating facilities on anywhere on a network is known
as the absolute p-center location problem and it is proven to be
NP-hard problem. Most of the recent approaches solve large-
scale vertex p-center location problem in which facilities can be
located only on the nodes of the network. However, rarely
algorithms are developed to solve large-scale absolute p-center
problem. Particle swarm optimization (PSO) is a metaheuristic
approach, which recently proved to be a successful approach in
solving complex continuous optimization problems. In this paper
we present a PSO algorithm for the absolute p-center problem to
minimize the maximum distance from each customer to his/her
nearest facility. We have tested our proposed algorithm on a set
of 12 problems from “Beasley OR Library” and compared the
results of vertex location problem to those of the absolute location
problem. The numerical experiments show that PSO algorithm
can solve optimally large-scale location problems with networks
up to 16,200 edges.
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. INTRODUCTION

The focus of this paper is on the absolute p-center location
problem [1], in which locating one or more facilities on any
location of a network to service a set of demand points at
known locations. It is also known as the minimax location
problem where every demand receives its service from a
closest facility, and the maximum distance between a demand
and a closest facility is as small as possible [2]. The location
problems deal with the optimal location of emergency facilities
where the concern for saving human life is far more important
than any transportation costs that may be incurred in providing
that service. This kind of location problem is suggested by
Hakimi[1, 3], and some of its applications are used to locate
fire stations, hospital emergency services, data file location,
police stations, and so on. This type of problems is non-
convex, nonlinear optimization problems and, such problems
are difficult to solve [4], and many authors have proved that the
problem is NP-hard [5, 6].

Metaheuristics have become very powerful tools for
solving hard combinatorial optimization problems. Particle
swarm optimization (PSO) is a class of them which has been
inspired from the flocking of birds and fish, and simulated
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evolution. PSO is an evolutionary computation method
developed by James Kennedy and Russell Eberhart[7] to solve
continuous non-linear functions. Since its conception in 1995,
PSO has been noted for two main features: optimization via
social evolution and its relative ease of use, although it is
comparatively a new metaheuristic algorithm, in various
applications; it has been proven to be a robust and efficient tool
[8,9].

To approach the p-center location problem, we propose a
PSO algorithm and to test the efficiency of our implementation,
we performed a set of numerical experiments on well-known
benchmark problems. Reported results show that PSO can
solve optimally large-scale p-center location problems.

The rest of this paper is organized as follows. Section 2 is
devoted to the description of p-center location problem, while
the description of PSO is given in Section 3. The proposed
PSO algorithm for p-center problem and the implementation of
PSO for solving location problem is explained in Section 4.
Section 5 contains experimental results and Section 6
concludes the paper.

Il.  THE P-CENTER LOCATION PROBLEM

Center location problem answers the question of where to
locate a facility or a service and it is considered a major part of
Operations Research and Management Science. There are often
concerns about the location of a single facility or service to be
established; such as ambulance, fire station, etc... In particular;
if a graph represents a road network with its vertices
representing communities, one may have the problem of
locating optimally the location of an emergency facility. In a
more general form, a large number of such facilities may be
required to be located. In this case the furthest vertex of the
graph must be reachable from at least one of the facilities
within a minimum distance. The resulting facility locations are
then called the p-center of a network [10]. The problems are
natural extension of those of single facility location, however,
there are two important conditions [11]: (1) at least two
facilities are to be located, and (2) each new facility is linked to
at least one center.
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There are two main types of the p-center location problem
on networks; they differ by the possible location of the service
points [12]:

1. Problems in which the facilities can be located
anywhere on the network (i.e., on the nodes and on the
edges/links of the network) and are known as absolute
center problems.

2. Problems in which facilities can be located only on the
nodes of the network and are known vertex center
problems.

The p-center problem is one of the fundamental problems
in the location science. Due to its hardness and importance, it
has always been a challenge for researchers who approached it
from different perspectives. Recently many authors [2, 13-15]
approached large-scale vertex location problems with number
of nodes ranging from 100 to 900, but another interesting
problem is the absolute p-center problem in which the facilities
can be located anywhere on the network (i.e., on the nodes and
on the edges/links of the network). In this paper we consider
only solving the absolute p-center location problem using PSO
algorithm.

A. Problem Formulation

The absolute p-center location problem could be defined in
the following way: given a set of V nodes (customers) and a set
of E edges which connect between nodes and the distances
between any pair of nodes is given. This structure is usually
referred to as network, see Fig. 1. The goal is to locate p
facilities (centers) anywhere on a network in such a way to
minimize the maximum of the distances from each node to its
nearest center, where p represents the total number of centers
that should be located on the network. Centers could be located
at any point on the network.

h 5 !

12

Figure 1. Network Example

In order to describe a formulation of the absolute p-center
problem, we introduce the following notation: let G(V, E) be a
finite undirected connected graph with no loops, with a set V of
vertices/nodes and set of edges/links E. A positive length b(e),
is associated with every edge e€E and a positive weight, w(v),
may be associated with each vertex veV.

For any two points y,ze G, may be a vertex/node or on an
edge/link, d(y,z) denotes the length of the shortest path
connecting these two points. Therefore, for x€(y,z) and given
leV, d(x, )= Min[d(y, D)+b(x, y), d(z, )+b(y, z) - b(x, 2)].
Given a set of p facility points in G (assuming p <V), say X, =
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(X4, .....Xp), then each vertex/node is assigned to, and its distance
from the set of facilities is determined by the nearest facility to
it. Therefore, for | €V, its distance from X, is d(l,
Xp)=min[d(l,x;)| xi€ X,, i=1,...,p]. In the p-center problem the
value of such a choice of locations for the p facilities, is
defined to be the weighted distance of the furthest vertex from
the set of facilities, namely at Z(X)=max[w(l) * d(l, X;)| I€V].
The p-center problem is to minimize [Z(X,)|X,< G]. Given the
location of the p facilities, X, the set V is partitioned into p
exhaustive and disjoint subsets, each served by its own facility
[16].

B. LiteratureReview

For a review on p-center problem network location models
see Farahani et al. [11] and Current et al. [17]. Hakimi[1]
defined and solved the absolute 1-center problem by examining
the piecewise linear objective function on each edge and
finding the edge-restricted minimum at one of the breakpoints.
The smallest among the edge-restricted minima is the absolute
1-center of the network. Hakimi et al. [18] reduced the
computational effort of his algorithm in [1]. Minieka[19]
developed a method for solving p-center for p>1 location
problem by solving a finite series of minimum set covering
problems. Christofides and Viola [20] also employed the idea
of using the set-covering problem in their algorithm.
Christofides[10] showed that one needs to consider only a
subset of the links for an optimal location. However, this
approach was unable to solve general p-center problems.
Minieka[19], and Kariv and Hakimi[21] showed that the
optimal solution of the problem is restricted to a finite set of
points on the network. Daskin[12] presents an optimal
algorithm which solves the absolute p-center problem by
performing a binary search over possible solution values. This
algorithm solves maximal covering sub-problems, rather than
the set-covering sub-problems solved by Minieka. However,
The common characteristic of most approaches for solving p-
center problem is that they all rely on Minieka[19] algorithm,
which has also been considered to be inefficient since it solves
successive instances of a minimal set covering problem, which
is NP-complete itself on general graphs [22].

Recently most of the approaches describe an efficient
methods for large-scale vertex center problems, such as: lihan
et al. [23] developed an algorithm that iteratively sets a
maximum distance value within which it tries to assign all
demand points. The algorithm is a two-stage variant of an
algorithm by Minieka[19]. Caruso et al. [13] presented
Dominant algorithm with four different versions, two of them
optimally solve the vertex location problem. Chen et al. [15]
presented a relaxation algorithm for the vertex location
problem. Davidovic et al. [14] designed a bee colony
optimization algorithm. Kaven and Nasr [2] solved p-center
problem using a modified harmony search algorithm. This
music inspired algorithm is a simple metaheuristic that was
proposed recently for solving combinatorial and large-scale
engineering and optimization problems. Good computational
results are reported for each of an extensive list of test
problems derived from “Beasley OR Library” with network
size up to 900 nodes.
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However, rarely algorithms were developed to solve large-
scale absolute p-center problem. In this paper, we focus only
on the absolute p-center problem, with the objective to locate p
new facilities, called centers, on network G in order to
minimize the maximum distance between a node and its
nearest facility in which centers could be located on any vertex
or edge of network.

IIl.  PARTICLE SWARM OPTIMIZATION

Particle swarm optimization (PSO) is a metaheuristic
intelligence approach, which recently proved to be a successful
approach to solve complex optimization problems and it is
considered a powerful optimization technique for solving
continuous optimization problems and is known to be efficient
and robust for solution of combinatorial optimization problems
[24]. PSO is a population-based, co-operative search
metaheuristic introduced in 1995 by Kennedy and Eberhart[24]
for finding optimal solutions for complex search spaces
through the interaction of individuals in a population of
particles.

Following [24], in PSO, particles are the candidate
solutions of PSO population cooperate simultaneously based
on knowledge sharing with neighboring particles. Each particle
through flying in the search space generates a solution using
directed velocity vector and each particle modifies its velocity
to find a better solution (position) by applying its own flying
experience (i.e. memory having best position found in the
earlier flights) and experience of neighboring particles (i.e.
best-found solution of the population). Particles update their
positions and velocities as shown below [25]:

e A population of particles is randomly initialized with
positions X; and velocities Vel; and a function f is
evaluated, using the particle’s positional coordinates as
input values. Positions and velocities are adjusted and
the function evaluated with the new coordinates at each
time step.

e When a particle discovers a pattern that is better than
any it has found previously, it stores the coordinates in
a vector Pbest;.

e The difference between Pbest; (the best point found by
i so far) and the individual’s current position is added
to the current velocity. Also, the difference between
the neighborhood’s best position Gbest; and the
individual’s current position is also added to its
velocity, adjusting it for the next time step. These
adjustments to the particle’s movement through the
space cause it to search around the two best positions.

Following [26], variables X; and Vel; are regarded as
vectors that show various positions and velocities of particle
and in order to find the optimum position of the best position of
particle i and its neighbors’ best position are recorded as:
Pbestiand Gbest;, respectively. To improve the velocity and
position of each particle, the modified velocity and position in
the next iteration is calculated as follows:
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Velf*! = wy Vel + cyry (Pbestt — XF)
+ cer(Gbestk - Xlk) D
Xftt = XF + vellt! (2)
where,
e Vel¥, velocity of particle i at iteration k.

e Wy, inertia weight factor which is reduced dynamically
to decrease the search area in a gradual fashion. The
variable wk is updated as [24]:

(kmax - k)

kmax

where, Wpa and Wy, denote the maximum and
minimum of wyrespectively; Ky is @ given number of
maximum iterations.

Wi = (Wmax - Wmin) * + Whin,

e ¢, andc,, acceleration coefficients of the self-
recognition component and coefficient of the social
component, respectively. The choice of value is ¢;=c,=
2; and generally referred to as learning factors [8].

ryand r, , random numbers between 0 and 1.

Xk position of particle i at iteration k.

Pbest! ,best position of particle i at until iteration k.

Gbest! best position of the group at until iteration k.

-

Xlk +1

i - Ghest
’1;_..-7' ot

Figure 2: Updating the position of PSO

IV. PSO FOR P-CENTER LOCATION PROBLEM

The p-center location problems as mentioned before are
non-convex, nonlinear optimization problems and such
problems are difficult to solve [4], also many authors have
proved that the problem is NP-hard [5, 6]. Due to its
complexity, hardness and importance it has always been a
challenge for researchers who approached it from different
perspectives. In this paper we develop a PSO algorithm for the
absolute p-center location problem which have been developed
by Hakimi[1].

In [27], the authors reviewed the algorithms that have been
applied to continuous location problems where demand points
are in space and not a network, then they applied two
algorithms models; PSO algorithm turned out to be the more
efficient one. In [28], the authors proposed a PSO approach to
find the optimal location of single power system stabilizer.
Also, in [26], PSO was employed to determine the optimal
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location for installing a new electricity generating unit.
Farahani et al. [29] reviewed recent efforts in location theory
using metaheuristic techniques and they mentioned that PSO is
a promising approach for solving location problems. However,
rarely algorithms have been developed to tackle the large-scale
absolute p-center location.

A. The Proposed PSO Algorithm

The basic idea of designing PSO is to build a multi-agent
system (swarm of artificial birds) that will search for good
solutions of various combinatorial optimization problems [14].
PSO is a population-based search algorithm and searches in
parallel using a group of particles based on the analogy of
swarm of bird [26]. Artificial particles investigate through the
search space looking for the feasible solutions. In order to find
better and better solutions, artificial particles collaborate and
exchange information. Using collective knowledge and sharing
information among themselves, artificial particles concentrate
on more promising areas, and slowly abandon solutions from
the less promising ones. Step by step, artificial particles
collectively generate and/or improve their solutions. In this
section, we describe our implementation of the PSO to be
applied to the absolute p-center location problem.

The next step is to solve the p-center location problem by
using PSO. PSO algorithm has the task to search different
combination of p edges through generating particles on each
edge and compare the worst case minimum value for each
particle. The PSO search is running in iterations until some
predefined stopping criteria is satisfied (Number of iterations).
The procedure is then repeated with the remaining
combinations in order to find the combination with the best
minimum value. The corresponding combination is the optimal
location. In order to better clarify, the PSO algorithm applied to
the p-center location problem; the proposed approach can be
described as follows:

Step 1. Let p represents the number of centers, and n
represents the population size (swarm size, number
of particles).

Step 2. Pick one of the candidate solutions (CScE) —
combination of edges with p size — such as CS=[E 4
» Eong, ....Epm]; Where the total number of candidate

solutions is (5)

Step 3. Generate randomly the initial particles positions X
in the range of upper and lower limits for p edges,
and set velocitiesVel to zero.

Step 4. The objective function and fitness value of each
particle with its Pbest is calculated. The best among
the Pbest is denoted as Gbest.

Step 5. The velocity and position of each particle is
modified according to equation (1) and (2),
respectively.

Step 6. The objective function of each particle is compared
with its Pbest. If the current value is better than
Pbest then Pbest value is set equal to the current
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value and Pbest position is set equal to the current
position.

Step 7. If the current fitness value is better than the Gbest,
then update Gbest to current best position and
fitness value.

Step 8. Step 5 to 7 is repeated until the maximum number
of iterations is met.

V. EXPERIMENTAL RESULTS

In order to examine the performance of our PSO algorithm,
we select to apply our algorithm on “Beasley OR Library”,
which has been proposed by Beasley in 1985 for the p-median
problems, one of the problems from the location analysis well
known by its hardness. The library consists of 40 problems and
available on [30]. The range of the problems is from 100 to 900
nodes, and from 200 to 16,200 edges/links and the number of
centers to be determined is from 5 to 200. This well-known
library has been widely used, recently in [2, 13-15]; however
these researches deal with the vertex location problems,
therefore we used the results from them as an upper bound for
our algorithm [15], i.e. the PSO optimal solution must be less
than or at least equal to the optimal solutions from [2, 13-15].

To test our algorithm, we select a sample from OR Library
(12 out of 40 problems about 30%), since the absolute location
problem is more complex and hard to solve than the vertex one,
for example, in order to solve the first problem in OR Library,
which consists from 100 nodes, 200 edges and the required
centers are 5, we have to investigate:

L ("2%)candidate solutions on nodes-more than 75.287
million — for the vertex case.

2. (*3%)candidate solutions on edges -more than 2.535
billion — for the absolute case.

It is too difficult to investigate all the candidate solutions in
OR Library. Therefore, first, we solved the problem with p=1,
and get the edge of optimal solution, and then we solved the
problem with p=2 using the optimal edge from p=1 as the first
element in the candidate solutions for p=2 while the second
elements will be all edges. For example, if the optimal edge in
p=1 is on Es, therefore, for p=2, the candidate solutions will be:

Es E
_ | Esk2
CSp=) =| 7 ‘

Es Ej

Getting the solution for p=2, which must be less than or at
least equal to p=1. To make sure this is the optimal solution for
p=2, we have to replace the first element —such as Es— by the
second element p=2 solution of and reform CS; for example if
the optimal solution for p=2, is on edge Es and Ej,, therefore,
we have to find the optimal solution for the following
candidate solutions:
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CSp=2) =
Eip Ey

If the second solution is larger than the first for p=2, then
the first solution is optimal for p=2; else; use the second
solution and check its optimality as before and do till no
improvement in the optimal solution for p=2, then stop and
solve p=3 with the same manner for p=2 and so on till
obtaining the optimal solution for all p.

Table 1 shows the results of the Particle Swarm
Optimization (PSO) for solving the absolute p-center problem
on a sample from “Beasley OR Library” with edges ranging
from 200 to 16,200 and centers from 5 to 33. The table shows
that by applying the PSO on the more difficult absolute p-
center problems, we managed to achieve a minimum distance
value which is in most cases lower than the obtained for the
vertex and in worst cases achieved the same results.

TABLE 1: RESULTS OF SOLVING ABSOLUTE P-CENTER LOCATION PROBLEM

USING PSO
Best
File Nodes Edges Centers known Best PSO
Name V) (E) P) of Absolute
Vertex
Pmed1 100 200 5 127.00 125.32
Pmed2 100 200 10 98.00 96.23
Pmed3 100 200 10 93.00 93.00
Pmed4 100 200 20 74.00 73.40
Pmed5 100 200 33 48.00 45.96
Pmed6 200 800 5 84.00 82.52
Pmed7 200 800 10 64.00 63.52
Pmed11 300 1,800 5 59.00 57.65
Pmed16 400 3,200 5 47.00 46.63
Pmed26 600 7,200 5 38.00 37.00
Pmed35 800 12,800 5 30.00 30.00
Pmed38 900 16,200 5 29.00 28.50

VI. CONCLUSION

PSO algorithm for the absolute p-center location problem
has been described. We used our algorithm to solve a sample
from the well-known “Beasley OR Library” benchmark
problems. The results show that the algorithm is capable of
solving large-scale absolute location problems.
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