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Abstract— The development of knowledge-based capital 

constitutes a classic case of market failure which calls for 

cooperative optimization. However, cooperation cannot be 

sustainable unless there is guarantee that the agreed-upon 

optimality principle can be maintained throughout the planning 

duration. This paper derives subgame consistent cooperative 

solutions for the development of knowledge technology in a 

stochastic differential game framework. In particular, subgame 

consistency ensures that as the game proceeds firms are guided 

by the same optimality principle and hence they do not possess 

incentives to deviate from the previously adopted optimal 

behavior. A “payoff distribution procedure” leading to subgame-

consistent solutions is derived and a numerical example is 

presented. This is the first time that subgame consistent 

cooperative development of knowledge technology is analyzed. 

Keywords-knowledge technology; stochastic differential games; 

dynamic cooperation;  subgame consistency 

I.  INTRODUCTION 

As markets become increasingly globalized and firms 
become more multinational, collaborative business research 
and development (R&D) are likely to yield opportunities to 
quickly create economies of scale and critical mass, to 
incorporate new skills and technology, and to facilitate 
resource sharing. A fundamental premise is that collaborative 
business R&D is pursued because participating firms can 
readily gain core skills and technology which would be 
difficult for them to obtain on their own. This is particularly 
the case for knowledge technology development. A frequently 
observed property of knowledge technology is the public 
goods nature of the technology which is non-exclusive and 
non-rivalry [1]. Examples of knowledge technology include 
scientific knowledge, technical know-how, computer software, 
public information systems, research findings, management 
information and knowledge-based assets (see examples in [2-
7]). Studies on provision of public goods can be found in [8-
10].  

Cooperation provides the possibility of group optimal 
solutions to the development of knowledge technology by 
internalizing the positive externalities of knowledge and 
reducing the cost of development under joint efforts. 
However, after a certain time of cooperation, it had been 
observed that some firms may gain sufficient technological 
expertise that they would do better by breaking away from the 
collaboration project.  This presents a major source of 
instability in the collaborative scheme.  

To enable a cooperation scheme to be sustainable 
throughout the agreement period, a stringent condition is 
needed – that of subgame consistency. This condition requires 
that the optimality principle agreed upon at the outset must 
remain effective in any subgame starting at a later starting 
time with a realizable state brought about by prior optimal 
behaviour. Hence the players do not possess incentives to 
deviate from the cooperative scheme throughout the 
cooperative duration. The notion of subgame consistency in 
stochastic cooperative differential games was originated in 
[11] in which a generalized theorem for the derivation of an 
analytically tractable “payoff distribution procedure” (PDP) 
leading to subgame-consistent solutions has been developed. 
A series of further developments and applications of 
cooperative games with subgame consistent solutions can be 
found in [12-15].   

In this paper we present a cooperative stochastic 
differential game of knowledge technology development and 
show the derivation of subgame consistent solutions. An 
analytically tractable “payoff distribution procedure” (PDP) 
leading to subgame-consistent solutions is derived. The paper 
is organized as follows. Section 2 provides the analytical 
framework and the non-cooperative outcome of knowledge 
technology development. Details of a subgame consistent 
cooperative scheme are presented in Section 3. A numerical 
example is given in Section 4. Section 5 concludes the paper. 
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II. ANALYTICAL FRAMEWORK AND NON-COOPERATIVE 

OUTCOME 

Consider the case of an industrial sector in which there are 
n  firms. Each firm has two types of productive capital stocks 

– an ordinary type of capital with private property rights and a 
knowledge-based capital which could is accessible by other 
firms. The ordinary capital includes standard productive 
capitals like machinery, factory buildings and other forms of 
tangible assets. The knowledge-based capital include capital 
assets like scientific knowledge, technical know-how, 
computer software, public information systems, research 
findings, management information and knowledge-based 

assets. Let )(sK
i

 denote the level of ordinary capital stock 

and )(sI
i

 denote the quantity of investment input on ordinary 

capital by firm i  at time s , the stock accumulation dynamics 

of the ordinary capital of firm i  is governed by the stochastic 

differential equation 
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where 
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  is the rate of depreciation of the firm i ’s ordinary 

capital, )(sz
i

 is an independent Wiener process and 
i

  is a 

scaling constant. 

Let )(0 sK  denote the level of the knowledge-based 

capital stock and )(sw
i  denote the quantity of investment 

input by firm i  at time s , the stock accumulation dynamics 

of the knowledge-based capital is 
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where 
0

  is the rate of obsolescence of the knowledge-based 

capital, )(
0

sz  is again an independent Wiener process, 0
  is 

a scaling constant and 
j

b  is a nonnegative constant reflecting 

the effect of firm i ’s knowledge-based capital investment on 

the accumulation of the capital stock. 

Moreover, the covariance of )(sz
i  and )(sz

j
 is zero for 

ji  , and the covariance of )(sz
i

 and )(
0

sz  is zero for all 

Ni . 

The firms use ordinary capital and knowledge-based 
capital as productive inputs. The effective capital input of firm 
i  is a combination of these two inputs in the form of 

0KK
i

i   where 
i

 is a non-negative constant reflecting 

the contribution of the knowledge-based capital on firm i ’s 

effective capital stock. 

The instantaneous payoff to firm i  at time instant s  is 

)]([)]([)]()([ 00 swcsIcsKsKR
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where )]()([ 0 sKsKR
i

i

i
  is the net revenue of firm i  

given that its ordinary capital stock is )(sK i
 and its 

knowledge-based capital stock is )(0 sK , ][
ii

Ic  is the cost 

of investing 
i

I  on its ordinary capital, and ][0

ii
wc  is the cost 

of investing 
i

w  on the knowledge-based capital. Marginal 

revenue product of capital is non-negative, that is 

0)( 0'  KKR
i

i

i
 , before a saturation level K  has been 

reached. Marginal costs of investment are positive and non-
decreasing. Moreover, the payoffs are transferable.  

The objective of firm Ni  is to maximize its expected 

net revenue over the planning horizon T , that is 
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subject to the stock accumulation dynamics (1)-(2), where r  
is the discount rate, and 

})]([)]([{ 3021
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i

i
qTKqTKq  with 0,, 321 

iii
qqq  being an 

amount conditional on the capital stocks that firm i  would 

receive at time T .  

For the sake of exposition, we use )(sK  to denote the 

vector ))(,),(),(( 10 sKsKsK n . Acting for individual 

interests, the firms are involved in a stochastic differential 
game. In such a framework, a feedback Nash equilibrium has 

to be sought. Let ),({ Ks
i
 )(* sI

i
 iI  and 

),(0 Ks
i
 i

i
sw  )(*

, for Ni  and ]},0[ Ts  denote a 

set of feedback strategies that brings about a feedback Nash 
equilibrium of the game (1)-(2) and (4). Invoking the standard 
techniques for solving stochastic differential games, a 
feedback solution to the problem (1)-(2) and (4) can be 
characterized by the following set of Hamilton-Jacobi-
Bellman equations (see [15-16]): 
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In particular, ),( KtV i
 yields the expected payoff of firm 

i  over the period ],[ Tt  when the ordinary capital stocks and 

knowledge-base capital stock equal K . 

Performing the indicated maximization operator in (5) 
yields: 
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Firm i  will invest in its ordinary capital up to the point 

where the marginal cost of investments equals the marginal 
benefits of its ordinary capital to the firm.  It will invest in the 
knowledge-based capital up to the point where the marginal 
cost of investments equals the product of the marginal benefits 
of the knowledge-based capital and the effectiveness of 

investment i
b . A Nash equilibrium non-cooperative outcome 

of public goods provision by the n  firms is characterized by 

the solution of the system of partial differential equations (5). 

III. SUBGAME CONSISTENT COOPERATIVE SCHEME  

Now consider the case when the firms agree to cooperate 
and extract gains from cooperation. In particular, they act 
cooperatively and agree to distribute the joint payoff among 
themselves according to an optimality principle. If any firm 
disagrees and deviates from the cooperation scheme, all firms 
will revert to the noncooperative framework to counteract the 
free-rider problem in public goods provision. In particular, 
free-riding would lead to a lower future payoff due to the loss 
of cooperative gains. Thus a credible threat is in place. To 
obtain a sustainable cooperative scheme we first investigate the 
group optimality and individual rationality issues. Then we 
derive subgame consistent solutions and the corresponding 
payoff distribution procedure. The proposed cooperation 
scheme is depicted in Fig. 1 below. 

 

Cooperation agreement 

  

Cost savings &  

positive externality 

internalization 

  

expected joint payoff 

maximization 

  

gain-sharing  

computation 

  

transfer payment 

scheme formulation 

 

Figure 1. Flow-chart of Proposed Cooperative Plan 

A. Group Optimal Strategies and Individual Rationality  

In cooperative investment in knowledge technology the 
participating firms can gain core technology knowledge that 
would be very difficult for them to obtain on their own. 
Another source of gain from cooperative investment in 
knowledge technology may come from reduced duplicated 
effort and economies of scale. These translate into cost 
savings under cooperation. The joint costs of investment in 
knowledge technology under cooperation become 
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 for all Nj . 

To fulfill group optimality the firms would seek to 
maximize their expected joint payoff. To maximize their 
expected joint payoff the firms have to solve the stochastic 
dynamic programming problem of maximizing    
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subject to the stock dynamics (1)-(2). 

Let ),({ 0 Ks
i

  and ),( Ks
i

 , for Ni  and ]},0[ Ts  

denote a set of strategies that brings about an optimal solution 
to the stochastic control problem (1)-(2) and (9). Invoking the 
standard stochastic dynamic programming technique an 
optimal solution to the stochastic control problem (1)-(2) and 
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(9) can be characterized by the following set of equations (see 
[17-18]):  
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In particular, ),( KtW  yields the expected joint payoff of 

all the firm over the period ],[ Tt  when the ordinary capital 

stocks and knowledge-base capital stock equal K . 

Performing the indicated maximization operator in (10) 
yields: 
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Comparing (7) and (13) shows that investment in 
knowledge-based capital under cooperation is higher than that 

under noncooperation because (i) ).(0 KtW
K

).(0 KtV i

K
 , that 

is, the expected marginal gain from knowledge technology by 
all firms together is higher than that from individual firm i ; 

and (ii) 
jjj

dwwcd /)(ˆ0

jjj
dwwdc /)(0

, that is lower 

marginal costs of investment in knowledge technology under 
cooperation.   

A group optimal solution of public goods provision by the 
n  firms is characterized by the solution of the partial 

differential equation (10)-(11).  

Substituting the optimal strategies ),({ 0 Ks
i

  and 

),( Ks
i

 , for Ni  and ]},0[ Ts  into (1) and (2) yields 

the dynamics of the ordinary capital stocks and that of the 
knowledge-based capital stock as: 
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We use 
*

s
X  to denote the set of realizable values of )(sK  

generated by (14) and (15) at time s . The term 
***1*0* ),,,(
s

n

ssss
XKKKK    is used to denote and element 

in 
*

s
X . Moreover, the term 

*i

s
K  and )(* sK i

 are used 

interchangeably wherever there is no ambiguity. 

Let ),(   denote the agreed-upon imputation vector 

guiding the distribution of the total cooperative payoff under 
the agreed-upon optimality principle along the cooperative 

trajectory  
],0[

* )(
Ts

sK


. At time s  and if the productive 

stock is 
*

s
K , the imputation vector according to ),(   is  
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A variety of examples of imputations ),( *

s
Ks  can be 

found in [13] and [15]. For individual rationality to be 

maintained throughout all time ],0[ Ts , it is required that 

each firm’s imputed cooperative payoff is no less than its 
noncooperative payoff, that is 
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To satisfy group optimality, the imputation vector has to 
satisfy  
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which guarantees that the Pareto optimal joint payoff is shared 
by the participating firms.   

B. Subgame Consistent Solutions and Payoff Distribution 

Procedure  

Under a subgame consistent situation, an extension of the 
solution policy to a subgame starting at a later time with a 
state brought about by previous optimal behaviour would 
remain optimal. For subgame consistency to be satisfied, the 

imputation ),(   according to the original agreed-upon 

optimality principle in (16) has to be maintained along the 

cooperative trajectory  
],0[

* )(
Ts

sK


.   

Following the analysis of [11], [13] and [15], we formulate 
a Payoff Distribution Procedure so that the agreed-upon 

imputations (16) can be realized. Let ))(,( * sKsB i
 for 

),0[ Ts  denote the payment that firm i  will received at 
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time s  under the cooperative agreement if )(* sK  is realized 

at that time.  

The payment scheme involving ))(,( * sKsB i
 constitutes a 

PDP in the sense that along the cooperative trajectory 
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for Ni  and ],0[ T .   

The values of ))(,( * sKsB i
 for Ni  and ),[ Ts  , 

which leads to the realization of imputation (16) and hence a 
subgame consistent cooperative solution can be obtained as 
follows. 

Theorem 3.1.  A PDP for firm Ni  with a terminal 

payment )( *
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Kq  at time T  and an instantaneous payment at 

time ],0[ Ts  which present value is: 
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would lead to the realization of the imputation ),( *

s
Ks  in 

(16).  

Proof.  See Appendix A.           ■ 

Note that the payoff distribution procedure in Theorem 3.1 
would give rise to the agreed-upon imputation in (16) and 
therefore subgame consistency is satisfied. 

When all firms are using the cooperative strategies, the 
payoff that player i  will directly receive at time s  is   
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However, according to the agreed upon imputation in 

Theorem 3.1, firm i  is supposed to receive ),( *
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Therefore a transfer payment (which could be positive or 
negative)  
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will be imputed to firm Ni  at time ],0[ Ts .  

IV. A NUMERICAL ILLUSTRATION  

We consider an industry with n  asymmetric firms. Each of 

these firms uses an ordinary capital )(sK i
 and a knowledge-

based capital )(0 sK to produce its outputs. The accumulation 

dynamics of these capital stocks are respectively:  
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Each firm seeks to maximize its expected stream of 
monetary gains: 
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constants.  

Following the analysis in Section 3 the value function 
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 can be obtained as: 

Proposition 4.1. 

The expected non-cooperative payoff of firm i  can be 

obtained as: 
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order linear differential equation:   
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Now we consider the case when the firms agree to act 
cooperatively and seek higher gains. Cost savings in 
cooperation yield the cooperative costs of investment in 

knowledge technology as )(ˆ0

1
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0ˆ
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c  is a 

constant which is less than 
0

j
c . The firms agree to maximize 

their expected joint gain and distribute the cooperative gain 
proportional to their non-cooperative gains.  

Following the analysis in Section 3, the expected joint 

payoff of the all the firms ),( KtW  can be obtained as: 

Proposition 4.2. 
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The accumulation dynamics of the ordinary capital stock 
and knowledge-based capital stock can be obtained as:  
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We use 
*

s
X  to denote the set of realizable values of 

)(* sK  generated by (28)-(29) at time s . The term 
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is used to denote and element in 
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Since the firms agree to distribute the cooperative gain 
proportional to their non-cooperative gains, we have   
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To guarantee dynamical stability in a dynamic cooperation 
scheme, the solution has to satisfy the property of subgame 
consistency. Following Theorem 3.1 in Section 3.2 we can 
obtain the instantaneous payment (in present value) at time 

],0[ Ts  as: 
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XK  .          (4.11) 
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The relevant derivatives of ),( *

s

i Ks  can be readily 

obtained using (30). 

V. CONCLUDING REMARKS   

Though cooperative development of knowledge technology 
captures the gains from positive externalities in productivity 
and cost savings one may find it hard to be convinced that 
dynamic cooperation can offer a long-term solution unless the 
agreed-upon optimality principle can be maintained from the 
beginning to the end. This paper resolves the classical problem 
of market failure in the knowledge technology development 
with a subgame consistent cooperative scheme.  The scheme 
guarantees that the agreed-upon optimality principle can be 
maintained in any subgame and provides the basis for 
sustainable cooperation. A “payoff distribution procedure” 
(PDP) leading to subgame-consistent solutions is developed. 
A numerical example is presented. This is the first time that 
subgame consistent cooperative development of knowledge 
technology is analyzed. Various further research and 
applications are expected.  

APPENDIX A: PROOF OF THEOREM 3.1. 

Invoking (19), one can obtain 
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where 

*

K tKK
n

j

j









 

1

*** ),(    zK  * )( t , and  

)()(  ztZz  , and 0/)]([  ttE   as 

0t . 

Using (32), one obtains 
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for all ],0[ T  and Ni .                                              (33) 

If the imputations ),( *

 Ki
 are continuously 

differentiable, then as 0t , one can express condition 

(33) as:  
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,        

for Ni .                                                    (34) 

Dividing (34) throughout by t , with 0t , and taking 

expectation yield (20). Thus the payoff distribution procedure 

in ),( *

s

i

i
KsB  in (20) would lead to the realization of 

),( *

s
Ks in (16).     ■ 
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